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Abstract 

Let M be a compact Riemannian manifold. A self-interacting 
diffusion on M is a stochastic process solution to 

dXt = dWtiXt) - J (^j\vxAXt)d^ dt 

where {Wt} is a Brownian vector field on M and Vx{y) = 
V{x,y) a smooth function. Let nt = j J^^x^ds denote the 
normalized occupation measure of Aj. We prove that, when 
V is symmetric, converges almost surely to the critical 
set of a certain nonlinear free energy functional J. Further- 
more, J has generically finitely many critical points and /ij 
converges almost surely toward a local minimum of J. Each 
local minimum having a positive probability to be selected. 
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1 Introduction 

Let M be a d-dimensional, compact connected Riemannian man- 
ifold without boundary and V : M x M ^ M. he a. smooth function 
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called a potential. For every Borel probability measure /i on M let 
Vfi : M — i> R denote the smooth function defined by 

Vfi{x) = / V{x,u)^{du), (1) 
Jm 

and let ViVfi) denote its gradient (computed with respect to the 
Riemannian metric on M). 

A Self-interacting diffusion process associated to is a contin- 
uous time stochastic process living on M solution to the stochastic 
differential equation (SDE) 

^ 1 
dXt = J2 Fii^t) o dBl - -V(y^t) iXt)dt, Xo = xeM (2) 

i=l 

where (-B^, . . . , B^) is a standard Brownian motion on M^, {Fj} is 
a family of smooth vector fields on M such that 

N 

J2F.{FJ) = Af (3) 

i=l 

(for / G C°°{M)), where A denotes the Laplacian on M; and 

1 /•* 

/it = 7 / ^Xsds (4) 
>^ Jo 

is the empirical occupation measure of {Xj}. 

In absence of drift (i.e V{x, y) = 0) {Xf} is just a Brownian 
motion on M. If \^(a;, y) = V{x) then it is a diffusion process on M. 
However, for a general function V, such a process is characterized 
by the fact that the drift term in equation (j21) depends both on the 
position of the process and its empirical occupation measure up to 
time t. 

Self-interacting diffusions (as defined here) were introduced in 
Benaim, Ledoux and Raimond (2000), (hereafter referred as (BLR)) 
and we refer the reader to this paper for a more detailed definition 
and basic properties. 

It is worth pointing out that equation Q presents some strong 
similarities with the following class of SDE 

dYt = dBt - (^j^ v\Ys - Yt)d^ dt (5) 
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whose behavior has been the focus of much attention in the recent 
years (see e.g Norris, Wilhams and Rogers (1987), Durret and Rogers 
(1992), Cranston and LeJan (1995), Cranston and Mountford (1996), 
Raimond (1997), Hermann and Roynette (2003) or Pemantle (2002) 
for a recent overview and further references about reinforced random 
processes). The main differences being that 

(i) The SDE (j2I) hves on an arbitrary but compact manifold, while 

© lives on M or M''. 

(ii) The drift term in (jS)) depends on the non-normalized occupa- 

tion measure 



^0 

A major goal in understanding Q is 

(a) to provide tools allowing to analyze the long term behavior of 

{yUt}; and, using these tools, 

(b) to identify (at least partially) general classes of potential leading 

to certain types of behaviors. 

A first step in this direction has been achieved in (BLR), where it 
is shown that the asymptotic behavior of {fit} can be precisely de- 
scribed in terms of a certain deterministic semi-flow \1' = {'^t}t>o 
defined on the space of Borel probability measures on M. For in- 
stance, there are situations (depending on the shape of V) in which 
{fit} converges almost surely to an equilibrium point fi^c of \E' (/Xoo 
is random) and other situations where the limit set of {fit} coincides 
almost surely with a periodic orbit for (see the examples in section 



The present paper adresses the second part of this program. The 
main result here is that 

Symmetric interactions (i.e symmetric potentials ) force 
{fit} to converge almost surely toward the critical set of 
a certain nonlinear free- energy functional. 

This result encompasses most of the examples considered in (BLR) 
and enlightens the results of (BLR) and Benaim and Raimond (2002). 




4 of (BLR)). 
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It also allows to give a sensible definition of self- attracting or repelling 
diffusions. 

The organization of the paper is as follows. Section |21 defines the 
class of potentials considered here, gives some examples and states 
the main results. Section El reviews some material from (BLR) on 
which rely the analysis. Sections El El El and [7\ are devoted to the 
proofs. 

2 Hypotheses and main results 

We assume throughout that V is a. map^ and that 

Hypothesis 2.1 (Standing assumption) V is symmetric : 

V{x,y) = V{y,x). 

Recall that A denotes the Riemannian probability on M. We will 
sometime use the following additional hypothesis: 

Hypothesis 2.2 (Occasional assumption 1) The mapping 

V\:x^V\{x)=f V{x,y)\{dy) (6) 

is constant. 

This later condition has the interpretation that if the empiri- 
cal occupation measure of Xt is (close to) A then the drift term 
Wfit{Xt) is (close to) zero. In other words, if the process has vis- 
ited M "uniformly" between times and t then it has no preferred 
directions and behaves like a Brownian motion. 

Notation. Throughout we let C^{M) denote the Banach space of 
real valued continuous functions / : M — > M, equipped with the 
supremum norm 

||/|U = sup|/(a;)|. 

^This regularity condition can be slightly weakened (see Hypothesis 1.4 in 
(BLR)). 
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Given a positive function g G C°(M) we let (•, ■)g denote the inner 
product on C°(M) defined by 

{u,v)g= / u{x)v{x)g{x)X{dx). 
Jm 

When = 1 we usuaUy write (•, ■)\ (instead of (•, ■)!) and ||/||a for 

The completion of C°(M) for the norm ||/||a is the Hilbert space 
L^(A). We sometime use the notation 1 to denote the function on M 
taking value one everywhere; and 

Ll{X)^l^^{heL'{X) :{h,l),^0}. 

We let Ai{M) denote the space of Borel bounded measures on M 
and V{M) the subset of Borel probabilities. For G A1(M) and 
/ G C°(M) we set 

l^f=f fixHdx) (7) 
Jm 

and 

H=sup{|/x/|: feC^M), ||/||oo = l}. (8) 

We let Ms{M) denote the Banach space {M{M), \ ■ |) (i.e., the dual 
of C°(M)) and A4w{M) (respectively, Vw{M)) the metric space ob- 
tained by equipping A4{M) (respectively, V{M)) with the narrow 
(or weak*) topology. In particular, Vw{M) is a compact subspace of 
Aiw{M). Recall that the narrow topology is the topology induced by 
the family of semi-norms {/i i— > : / G C°(M)}. Hence 
in Myj{M) if and only if /ij /x/ for all / G C^{M). 

Everywhere in the paper a subset of a topological space inherits 
the induced topology. 

The operator V. The function V induces an operator 

V : Ms{M) ^ C°(M), 

defined by 

Vpi{x)= [ V{x,y)ii{dy). (9) 

JM 
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li g & L'^i^) we write Vg for V{gX), where gX stands for the measure 
whose Radon Nikodym derivative with respect to A is g. 

The following basic lemma will be used in several places 

Lemma 2.3 (i) The operator V : A^s(M) C°(M) and its re- 
striction to L'^{X) (defined by g ^ V{gX)) are compact opera- 
tors. 

(ii) V maps continously Vw{M) into C°(M). 

Proof: {i)\.et^ieMs{M). Then ||l^^||oo < ||1^||oo|/i| and 

^ (sup^gM l^l"")^) ~ ^(^) Therefore the set {V^i : 

< 1} is bounded and equicontinuous, hence, relatively compact 
in C^{M) by Ascoli's theorem. This proves that V is compact. 

By definition V\L'^{X) is the composition of V with the bounded 
operator g G i^^(A) — > (?A G ^As{M). It is then compact. 

{ii) Let {/i„} be a converging sequence in P^(M) and /i = 
lim„_,oo/U„. Narrow convergence imphes that Vnniu) Vfi{u) for 
all u E M. Since, by (z), {Vfin} is relatively compact in C°(M), it 
follows that Vfin Vfx in C°(M). QED 

2.1 The global convergence theorem 

Let n = Hy : P^(M) P^(M) be the map^ defined by 

n{fx){dx) = ^{Vfj.){x)X{dx) (10) 
where ^ : C°(M) ^ C°(M) is the function defined by 

The limit set of {fit} denoted L{{fit}) is the set of limits (in Vw{M)) 
of convergent sequences {/^tj.}, tk — > oo. 

The following theorem describes L{{fit}) in terms of II. It is 
proved in section HJ 

^We use the notation Ily for II when we want to emphasize the dependency 
on V. 
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Theorem 2.4 With probability one L{{fit}) is a compact connected 
subset of 

Fix(n) = {fie n^M) : fi = n(/i)}. (12) 

This clearly implies 

Corollary 2.5 Assume U has isolated fixed points. Then {fit} con- 
verges almost surely to a fixed point of U. 

Remark 2.6 By Theorem 12.101 below, 11 has generically isolated 
fixed points. Hence, the generic behavior of {fit} is convergence 
toward one of those fixed points. 

2.2 Fixed points of 11 

With Theorem 12.41 in hands, it is clear that our description of self- 
interacting diffusions (satisfying hypothesis 12. 1|) on M relies on our 
understanding of the fixed points structure of 11. 
Let 

B, = {feC%M): (/,1)a = 1} 

and 

Bo = {feC%M): (/,1)a = 0}. 

Spaces Bq and Bi are respectively a Banach space and a Banach 
affine space parallel to Bq. 
Let 

X = Xv:Bi^Bo 
be the C°° vector field defined by 

X{f) = -f + aVf). (13) 

The following lemma relates fixed points of n to the zeroes of X. 

Lemma 2.7 Let fi G V{M). Then, fi is a fixed point of U if and 
only if fi is absolutely continuous with respect to X and ^ is a zero 
of X. Furthermore, the map 

j : Fix(n) - X-l(O) 

is an homeomorphism. In particular, X^^{0) is compact. 



8 



Proof : The first assertion is immediate from the definitions. Con- 
tinuity of j follows from the continuity of ^ and Lemma 12.31 (ii). 
Continuity of is immediate since uniform convergence of {/n} C 
C°(M) clearly implies the narrow convergence of {/nA} to /A. QED 

We shall now prove that the zeroes of X are the critical points 
of a certain functional. Let Bf be the open subset of Bi defined by 

Bt = {feB, : inf /(a;)>0} 
and let J = Jy '■ B^ ^ M be the C°° free energy function defined by 

^(/) = ^(^/,/)A + (/,l0g(/))A (15) 

Remark 2.8 It has been pointed to us by Florent Malrieu that 
the free energy J occurs naturally in the analysis of certain non 
linear diffusions used in the modeling of granular flows (see Carillo, 
McCann and Villani (2003), Malrieu (2001)); and by J. Hofbauer 
that a flnite dimensional version of J appears in the analysis of 
some ordinary differential equations in evolutionary game theory (see 
Hofbauer (2000)). 

The following proposition shows that the zeroes of X are exactly 
the critical points of J and have the same type (i.e., sinks or saddles). 

Proposition 2.9 Given f e Bf, let T(/) : C"'(M) Bq be the 
operator defined by 

T{f)h = fh-{f,h)J. (16) 

One has 

(i) Wu,v e Bo 

D'j{f){u, V) = {U, V)yf+ {VU, V)^ = ((/rf+ T(/) O V)U, V)yf. 

(ii) Bq admits a direct sum decomposition 

Bo = B-u) ® m) ® m) 

where 
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(a) (/), i3Q(/), i3Q(/) are closed subspaces invariant under 

iid + Jif)ovy, 

(b) B^{f) = {ueBo: {Id+T{f)oV)u = 0} andId+T{f)oV 
restricted to i^o (/) ^oif) ^■^ '^^ isomorphism; 

(c) Both -Bq (/) anc? -Bq(/) have finite dimension; 

(d) The bilinear form D'^ J {f) restricted to B^i^f) (respectively 
^oif)' respectively B^i^f) ) is definite negative (respectively 
null, respectively definite positive). 

(iii) We have 

DJ{f) = ^ X{f) = 0, 
and in this case, for all u E Bq 

DX{f)u = -{Id + T(/) o V)u. 

Proof : (i) For all u E Bq 

DJ{f)u = {Vf + log(/) + 1, u)x = {Vf + log(/), (17) 
Therefore 

D^J{f){u, v) = {Vu + ju, v)x = {Vu, v)x + {u, v)i/f 

which gives the first expression for D'^J{f). Since for all u,v E Bq 

{T{f)Vu, v)i/f= {Vu, v)x - (/, Vu)x{l, v)x = {Vu, v)x (18) 
we get the second expression for D'^J{f). 

{ii) Let K denote the operator T(/)o\/ restricted to Lq{\). Then 
K is compact (by Lemma (2 .3^ . and self-adjoint with respect to the 
inner product {■,-)i/f (by equation (fTHjl ). It then follows, from the 
spectral theory of compact self-adjoint operators (see Lang, 1993 
Chapters XVII and XVIII) that 

(a) K has at most countably many real eigenvalues; 

(b) The set of nonzero eigenvalues is either finite or can be ordered 

as |ci| > |c2| > . . . > with limj^oo Q = 0; 
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(c) The family {Tic} of eigenspaces, where c ranges over all the 

eigenvalues (including 0) forms an orthogonal decomposition 
ofLg(A); 

(d) Each Tic has finite dimension provided c 7^ 0. 

We now set B^i^f) = Hi, 'Bq(/) = ©Ti^ where d ranges over all 
eigenvalues > 1 and = © n Bq. 

{in) From and by density of B, in ^^(A), DJ{f) = if 

and only if Vf + log(/) G Ml. Since f E Bi, this is equivalent to 
/ = e(V^/). Now, 

DXif) = -Id-TiaVf))oV (19) 

Hence DX{f) = -Id + T(/) o V when X{f) = 0. QED 

Let / G X^^(O), or equivalently n = f\ E Fix(n). We say that 
/ (respectively, /x) is a nondegenerate zero or equilibrium of X (re- 
spectively, a nongenerate fixed point of 11) if the space Bq^/) in the 
above decomposition reduces to zero. The index of / (respectively, 
/i) is defined to be the dimension of BQ^f). 

A nondegenerate zero of X (fixed point of 11) is called a sink if 
it has zero index and a saddle otherwise. 

Let C^y^{M X M), k > denote the Banach space of C sym- 
metric functions K : M x M — M, endowed with the topology of 
convergence. The following theorem gives some sense to the hypoth- 
esis (made in theorems 12.121 12.241 and 12.271 below) that fixed points 
of n are nondegenerate. However we wont make any other use of 
this theorem. The proof is given in the appendix (section [7j). 

Theorem 2.10 Let Q denote the set of V e C^y^{M x M) such 
that Hy has nondegenerate fixed points. Then Q is open and dense. 

Remark 2.11 The key argument that will be used in the proof of 
the genericity Theorem I2.1UI is Smale's infinite-dimensional version 
of Sard's theorem for Fredholm maps. This result by Smale is also at 
the origin of the Brouwer degree theory for Fredholm maps initially 
developed by Elworthy and Tromba (1970). A consequence of this 
degree theory (applied to X) is the following result 
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Theorem 2.12 Suppose that every fi* G Fix(n) is nondegenerate. 
Let Ck, k > denote the number of fixed point for U having index 
k. Then 

fc>0 

2.3 Self-repelling diffusions 

A function K : M x M ^ M. is called a Mercer kernel, if K is 
continuous, symmetric and defines a positive operator in the sense 
that 

{Kf,f)x>0 

for all / e L\X). 

If, up to an additive constant^, V (respectively, —V) is a Mercer 
kernel, we call {Xt} (given by (0)) a self-repelling (respectively, self- 
attracting process). The following result and the examples below 
give some sense to this terminology (see in particular examples 12.151 
and 12111). 

Theorem 2.13 Suppose that, up to an additive constant, V is a 
Mercer kernel. Then 

(i) J = Jy is strictly convex, 

(ii) Fix(n) reduces to a singleton {/i*} and lim^^oo/^t = almost 

surely. If we furthermore assume that hypothesis \2.^A holds, 
then fi* = X. 

Proof : follows from the definition of J, Proposition 12.91 and Theo- 
rem E31 QED 

Example 2.14 Let C be a metric space, u a probability over C and 
G : M X C — s> M a continuous bounded function. Then 

K{x,y) = / G{x,u)G{y,u)i'{du) 
Jc 

is a Mercer kernel. Indeed K is clearly continuous, symmetric, and 

{Kf, /), = ^ G{x, u)fix)Xidx)^ v{du) > 0. 
■^The dynamics ((2Jl is unchanged if one replace V{x, y) by V{x, y) + (3. 
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Note that when C = M and v = \ then K = a.^ an operator on 
L\\). 



Example 2.15 (i) Let M = S"^ C 1^^^+^ be the unit sphere of M'^+^ 
and let K{x,y) = {x,y) = J2i=i ^iVi- Then if is a Mercer kernel 
(take C = {1, . . .d+1}, v the uniform measure on C, and G(i^ x) = 
\/d+l X Xi). 

Example 2.16 Let A denote the Laplacian on M and {Kt{x,y)} 
the Heat kernel of e'^*. Fix r > and let K = K^-. The function 
G{x,y) = KT-/2{x,y) is a symmetric C°° Markov kernel so that K is 
Mercer kernel in view of the example 12.141 ftake C = M and u = X). 

Example 2.17 The example above can be generalized as follows. 
Let {Pt}t>o be a continuous time Markov semigroup reversible with 
respect to some probability measure u on M. Assume that Pt{x, dy) is 
absolutely continuous with respect to u with smooth density Kt{x, y). 
Then K{x,y) = K^{x^y) is a Mercer kernel. 

Example 2.18 (i) Let M = T'^ = M'='/(27rZ)'^ be the fiat c/- dimensional 
torus, and let k : T'^ — M be an even (i.e. k{x) = k(— x)) continuous 
function. Set 

Kix,y) = K{x-y). (20) 

Given k G Z^, let 

Kk= [ K{x)e-'''-''\{dx) (21) 

be the k-th Fourier coefficient of k. Here k ■ x = Yli=i ^i^i ^ 
the normalized Lebesgue measure on T'^ ~ [0,27r['^. Since v is real 
and even, K^k = i^k = i^k- we furthermore assume that 

Vfc e Z'^, Kk > 0, 

then K is a. Mercer kernel, since 

{KfJ), = Y,^k\fk\' 

k 

for all / G i^^(A) and fk the k-th Fourier coefficient of /. 
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Example 2.19 A function / : [0, oo[-^ M is said completely mono- 
tonic if it is C°° and, for alH > and k > 0, 

(-if0W>o. 

Examples of such functions are f{t) = /3e~*/°'^ and f{t) = /3(cr^+t)"" 
for (7 7^ 0, a, /3 > 0. 

Suppose M C M", and K{x,y) = f{\\x — y\\^) where / is com- 
pletely monotonic and || ■ || is the Euclidean norm on W\ Then it 
was proved by Schoenberg (1938) that is a Mercer kernel. 

Weakly self-reppeling diffusions 

When V is not a Mercer kernel but can be written as the difference 
of two Mercer kernels, it is still possible to give a condition ensuring 
strict convexity of J. 

We will need the following consequence of the so-called Mercer's 
theorem: 

Lemma 2.20 Let K be a Mercer kernel. Then there exists contin- 
uous symmetric functions G":MxM— >]R, n>l such that 

K{x,y)= lim(G^,Gp, 

n— >oo " 

uniformly on M x M. Here stands for the function u i— > G"'{x, u). 

Proof : The kernel K defines a compact positive and self adjoint op- 
erator on L^{X)- Hence, by the spectral theorem, K has countably (or 
finitely) many nonnegative eigenvalues (c^)fc>i and the correspond- 
ing eigenfunctions (e^) can be chosen to form an orthonormal system. 
Furthermore, by Mercer's theorem (see Chap XI-6 in Dieudonne 
(1972)) K{x,y) — J2i(^i^i{^)^i{y) where the convergence is abso- 
hitc and uniform. Now set G^iy) — G^{x,y) — Yli=i^i^i{^)^i{y)- 
QED 

To a Mercer kernel K we associate the function Dk : M x M ^ 
M"*" given by 



K{x,x)+K{y,y) 



(22) 
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lim \\\Gl-G-y\\l 



n— >oo 



where the (G") are hke in Lemma f2.20l 

Note that Dk is a semi-distance on M (i.e. Dk is nonnegative, 
symmetric, verifies the triangle inequality, and vanishes on the diag- 
onal). We let 

diamx(M) = sup DK{x,y) 

x,y£M 

denote the diameter of M for Dk- 
Another useful quantity is 

K{x,x) = lim IIG^II^. 

n— >oo 

We let 

diag^(M) = snp K{x,x). 



Remark 2.21 Notice that there is no obvious way to compare diamx(M) 
and diag^(M). For instance. If K is the kernel given in example 12. 191 
then 

diam;,(M) = /(O) - /(sup ||x - y\\^) < diag^(M) = /(O), 
while, 

diamx(M) = 2 > diag;^(M) = 1 
with K the kernel given in example 12.151 

Theorem 2.22 Suppose that, up to an additive constant, 

V = V+ -V- (23) 

where and V~ are Mercer kernels. 

// diamy- (M) < 1, ordiagy-(M) < 1, then the conclusions of 
theorem \2.1'^ hold. 

Proof : First note that Jv{f) = ^{V~^f,f) + J-v-if), and since 
/ (-^ {V^ f, f)x is convex, it suffices to prove that J_y- is strictly 
convex. We can therefore assume, without loss of generality, that 
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= 0. Or, in other words, that —V is a Mercer kerneL We proceed 
in two steps. 

Step 1: We suppose here that V{x,y) = —{Gx,Gy)\ for some 
continuous symmetric function G : {x,u) i-h> Gx{u). By Proposition 
12.91 proving that D'^Jy^f) is definite positive reduces to show that 
Id + J{f)V = Id — T{f )G^ has eigenvalues > 0, or equivalently, that 
T(/)G'^ has eigenvalues < 1. 

Let A be an eigenvalue for T(/)G'^ and u E Bq a. corresponding 
eigenvector. Set v = Gu. Then 

J{f)Gv = Am. 

This implies that v ^ (because u ^ 0) and that 

GJ{f)Gv = Xv. (24) 

Thus, using the fact that G is symmetric, 

{Jif)Gv,Gv)x = X\\v\\l 



That is 



VarfiGv) = X\\v\\l. (25) 



where 

Var^(n) = {T{f)u,u)x (26) 



u {x)f{x)X{dx) — I / u{x)f{x) ) X{dx) 

M \Jm 



Now 



Var^Gi;) = \ [ (Gvix) - Gv{y)f f{x)f{y)X{dx)X{dy). (27) 

On the other hand, 

(Gvix) - Gviy)f = {Gx-Gy,v)l 

< \\Gx - GyfWvf = 2{D^vix,y)Y\\v\\l. 

Thus 

2||„.l|2 



yarf{Gv) < (diam_y)^||f lit (28 
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Combining (j2Sl) and (j2Hl) leads to A < (diam_v')2 < 1. 
To obtain the second estimate, observe that (by (j26j) ) 

Var;(Gt;)< / {{G,,v)f f{x)X{dx) 
Jm 

<M\l J \\G,\\'fix)Xidx)<diagMM)\\v\\l. 

Step 2: In the general case, by lemma I!^.2U1 we have V{x,y) = 
lim„_,oo V"^{x, y) uniformly on M x M where V^"(x, y) = — (G^, G^)\- 
Hence, assuming diam_y(M) < 1, we get that diam_yn(M) < 1 
for n large enough. Then, by step 1, there exists a > such that 

D'^Jv«{u,u) = {u + J{f)V'^u,u)i/f > a\\u\\l/f 

for all u Bq. Passing to the limit when n ^ oo leads to 

D'^Jv{u,u) > a\\u\\l/j-. 

The proof of the second estimate is similar. QED 

Example 12.151 (ii), (continued) Suppose M = S"^ C M'^^^ and 

d+l 

V{x, y) = a X {x,y) = a xtyi 

i=l 

for some a G M. The kernel K = sign (a) \^ is a Mercer kernel, and 
diagj^(M) = \a\. Hence, by Theorem 12.221 fit —>■ X a.s for a > —1. 

This condition is far from being sharp since it actually follows 
from Theorem 4.5 in (BLR) that 

a>—{d+l) fit ^ X a.s. 



Example 12.181 (ii^. (continued) Let v be an even real valued 
function defined on the flat d-dimensional torus (see example I2.18P 
and 

V{x,y) = v{x - y). 

As a consequence of theorem 12.221 we get the following result 
which generalizes largely Theorem 4.14 of (BLR). It also corrects a 
mistake in the proof of this theorem. 
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Proposition 2.23 Let (fA.OfceZ'* denote the Fourier coefficients of v 
as defined by \21]) . Assume that 

inf(t;fc,0) > -1. 

fcezd\{o} 
Then /it ^ A almost surely. 

Proof : Integrating by part 3 times, and using tlie fact tliat f G C^, 
proves that for all k E Z'^, \vk\ < pp-, where = supj \ki\ and C 
is some positive constant. Hence the Fourier series 

{kel,'' :||fc||<n} 

congverges uniformly to v. 
Set 

v^{x) = - 'Y Vke''^''^. 

{ke1'i\{Q}:Vk<0} 

Then v{x) = v^{x) — v^{x) + fo where V~^{x,y) = v^{x — y) and 
V^{x, y) = v^{x — y) are Mercer kernels. Clearly, 

diagv^-(T'^) =t;-(0) = - Yl 

{fc^O: i>fc<0} 

and the result follows from theorem 12.221 QED 
2.4 Self-attracting diffusions 

The results of this section are motivated by the analysis of self- 
attracting diffusions (i.e., —V is a Mercer kernel), but apply to a 
more general setting. 

Recall that fi* G Fix(n) is a sink if fi* is nondegenerate and has 
zero index (thus it corresponds to a nondegenerate local minimum 
of J). We denote by Sink(n) the set of sinks. 

The following result is proved in section El 
Theorem 2.24 Let jj,* G Sink(n). Then 

P[lim fit = fi*] > 0. 

t^oo 



18 



The next theorem is a converse to Theorem 12.241 under a supple- 
mentary condition on V that we now explain. 

From the spectral theory of compact self-adjoint operators (see 
e.g Lang, 1993, Chapters XVII and XVIII) L'^{X) admits an orthog- 
onal decomposition invariant under V 

where By stands for the kernel of V and V restricted to Ey (respec- 
tively, —V restricted to Ey) is a positive operator. 

Let 7r+ and 7r_ be respectively the orthogonal projections from 
L2(A) onto and E'. Set 

V+ = VoTi^ and V- = -Vo^_. (29) 
So that V = V+- v.. 

Hypothesis 2.25 (Occasional assumption 2) V+ and are Mer- 
cer kernels. 

Recall that ^* G Fix(n) is a saddle if /i* is nondegenerate and 
has positive index. The following theorem is proved in section IHl 

Theorem 2.26 Assume that hvpothesis \2.2R holds. Let fi* G Fix(n) 

he a saddle. Then 

P[lim ^lt = ^J*] = 0. 

Corollary 2.27 Suppose that hypothesis \2.25\ holds and that every 
fi* G Fix(n) is nondegenerate. Then there exists a random variable 
/ioo such that 

(i) limt_oo/it = /ioo a.s. 

(ii) P[;Uoo G Sink(n)] = 1 and 

(iii) For all n* G Sink(n), 

P[/ioo = > 0. 

Proof : follows from Theorems E31 U^M and QED 
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2.5 Localisation 

In this section, we assume that hypothesis 12.21 holds. In this case, A 
is always a fixed point for 11, hence a possible limit point for {fit}- 
We will say that the self-interacting diffusion "localizes" provided 
P[/if — *• A] = 0. We have already seen (see Theorems 12.131 and I2.22|) 
that self-reppelling diffusions and weakly self-attracting diffusions 
never localize. 

Theorem 2.28 Suppose that hvpothesis \2.^ holds. Let 

p{V) = mi{{Vu,u)x : u G Lg(A), \\u\\x = 1}. (30) 
Assume that p{V) > —1, then 

P[lim fit = X] > 0. (31) 

t—*oo 

Assume that p{V) < —1 and that hupothesis \2. 25\ holds, then 

P[lim /it = A] = 0. (32) 

t— >oo 

Proof : Under hvpothesis 12.21 ^(V^A) = 1. Then, by Proposition EIHl 

D^J{l){u, v) = -{DX{l)u, v)x ={u + Vu, v)x. 
The result then follows from Theorems 12.241 and 12.261 QED 

Example 12.181 (iii), (continued). With V as in example 12.181 
(ii), 

p{V) = inf Vk- 

Example 12.161 (ii). (continued). Suppose V{x,y) = aKr{x,y) 
for some a < and r > 0, where {Kt}t>o is the Heat kernel of e^*. 
Then p{V) = ae~^'^ where A is the smallest non zero eigenvalue of 
A. Note that there exist numerous estimates of A in terms of the 
geometry of M. 
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3 Review of former results 



We recall here some notation and results from (BLR) on which rely 
our analysis. There is no assumption in this section that V satisfies 
one of the hypotheses 12.11 or 12.21 The only required assumption is 
that V is smooth enough, say^ C^. 

The map 11 defined by ^ extends to a map 11 : M{M) V{M) 
given by the same formulae. Let F : A4s{M) — >■ Ais{M) be the 
vector field defined by 

F{fi) = -fi + U{fi), (33) 

Then (see (BLR), Lemma 3.2) F induces a flow {^tj^gK on 
Ms{M). 

The limiting dynamical system associated to V is the mapping 

^ : RxVUM) ^ MUM), . . 

- Uf^) = Mf^). ^^^^ 

Because $ is a flow, \1/ satisfles the flow property: 

^^t+sif^) = o ^s(/i) (35) 

for all t,s e R and n e V{M) n ^^s{V{M)). Furthermore, (see 
Lemmas 3.2 and 3.3 of (BLR)) \I' is continuous and leaves V{M) 
positively invariant: 

^t(P(M)) C P(M) for all t > 0. (36) 



The key tool for analyzing self-interacting diffusion is Theorem 
below (Theorem 3.8 of (BLR)), according to which, the long term 
behavior of the sequence {nt} can be described in term of certain 
invariant sets for Before stating this theorem, we flrst recall some 
deflnitions from dynamical systems theory. 

Attractor free sets and the Limit set theorem 

A subset A C Vw{M) is said to be invariant for if \l/f(v4) C A 
for all t G M. Let A be an invariant set for \E'. Then induces a 



see (BLR) for a more precise assumption 



21 



flow on A j'^lA defined by taking the restriction of \1/ to A. That is 
{■^\A)t = ^t\A. 

Given an invariant set A, a set K G A is called an attractor (in 
the sense of Conley (1978)) for \E'|A, if it is compact, invariant and 
has a neighborhood ly in A such that 

lim dist^(^t(/i),is:) = (37) 

uniformly in yU G W . Here dist^ is any metric on Vw{M). 

An attractor K G A for \E'|y4 which is different from and A 
is called proper. An attractor free set for \E' is a nonempty com- 
pact invariant set A G Vw{M) with the property that ^^1^4 has no 
proper attractor. Equivalently, A is a nonempty compact connected 
invariant set such that \E'|A is a chain- recurrent fiow (Conley, 1978). 

Remark 3.1 The definitions (invariant sets, attractors, attractor 
free sets) given here for \Ef extend obviously to any (local) flow on a 
metric space. This will be used below. 

The limit set of {fit} denoted L({/it}) is the set of limits of con- 
vergent sequences {/^tj.}, tk oo. That is 

L{{fit}) = []{fis ■.s>t} (38) 

t>o 

where A stands for the closure of A in Vw{M). 

Theorem 3.2 ((BLR), Theorem 3.8) With probability one L{{fit}) 
is an attractor free set of . 

This result allows, in various situations, to characterize exactly 
the asymptotic of {ixt} in term of the potential V and the geometry 
of M. We refer the reader to (BLR) for several examples and further 
results. Amongst the general consequences of Theorem 13.21 the two 
following corollaries will be useful here. 

Corollary 3.3 Let A G Vw{M) be an attractor and 

B{A) = {^le V^iM) : lim (^zsi^(^t(/i). A) = 0} (39) 

t— >oo 
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its basin of attraction. Then the events 



{L{M) fl B{A) ^ 0} and C A} (40) 



coincide almost surely. 

For a proof see ((BLR), Proposition 3.9). 

Corollary 3.4 With probability one, every point fi* G L{{fit}) can 
be written as 



where p is a Borel probability measure over Vu,{M). In particular, if 
V is then p* has a density with respect to A. 

This last result follows from Corollary 13.31 as follows: Let 



where V(Vw{M)) is the set of Borel probability measures over Vw{M). 
It is not hard to prove that Cn('P«,(M)) contains a global attractor 
for \E'; that is an attractor whose basin is Vu,{M). Hence L{{iit}) C 
Cn(P^(M)) by CorollarvHOl For details see ((BLR), Theorem 4.1). 

4 Convergence of {/it} toward Fix(n) 

This section is devoted to the proof of Theorem 12.41 Hypothesis 12.11 
is implicitly assumed. 

4.1 The flow induced by X 



Recall that Bt = {f e Bi : f > 0}, where Bi = {f e C°{M) : 
Jfd\ = l}. 



Proposition 4.1 The vector field X given by il^) induces a global 
smooth flow = {$^} on Bi. Furthermore, 




(41) 




(42) 



(i) <l>f (/) G Bt for allt>0 and f e Bt ■ 
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(ii) For all f e Bf and t > 0, J($f (/)) < J(/) if f is not an 
equilibrium. 

Proof : The vector field X being smooth, it induces a smooth local 
flow on Bi. To check that this flow is global observe that 

||-/ + e(^/)||Li(A)<||/||Li(A) + l. 

Hence, by standard results, the differential equation 

| = -/ + fW) 

generates a smooth global flow on L^{X) whose restriction to Bi is 
exactly $. 

(z) For / G Bt, ll^/lloo < Halloo. Thus X(/)(x) > -/(x) + 5 
for all X e M, where 6 = e"^ll^ll°°. It follows that $f > 
e-*(/(x) - 6) + 5 > 5{1 - e-*) > for all t > 0. 

(a) For / G Bf, let Kf : ^ M be the "free energy" function 
associated to the potential Vf 

Kjig) = {Vf,g), + {g,log{g)),. 

The function Kf is a C°°, strictly convex function and reaches its 
global minimum at the "Gibbs" measure C,{Vf). Indeed, a direct 
computation shows that for h & Bq, 

DKfig).h={logig) + Vf,h)x 

and for h and k in Bq, 

D^Kf{g){h,k) = {h,k)yg. 

Thus DKf{g) = if and only ii g = ^(Vf) and D'^Kf{g) is positive 
deflnite for all g. Then, since 

DKfig).[g - ^Vf)] = [DKf{g) - DK f{i{V m.[g - i{V f)], (43) 

by strict convexity we then deduce that 

DKf{g).\g-aVf)]>Q, (44) 

with equality if and only ii g = ^{Vf). 

Now observe that DJ{f) = DKf{f). Hence, by (gH) 

DJ{f).X{f) < 

with equality if and only if X{f ) = 0. This proves (ii). QED 



24 



4.2 Proof of Theorem EH 

Lemma 4.2 The map i : Cn(P^(M)) C C°(M) de/ined 6y 

z(yu) = ^ continuous. 

Proof : Let /i„ = /^^^^^^ n(z/)p„((iz/) G Cn('Pw(M)) be such that 
A^n ~* A* (for the narrow topology). By Lipschitz continuity of V , the 
family {^{Vu), : u G P(M)} is uniformly bounded and equicontinu- 
ous. Hence the sequence of densities /„ = /^^j^j) ^{yu)pn{du),n > 
is uniformly bounded and equicontinuous. By Ascoli theorem it is 
relatively compact in C'^(M). It easily follows that /„, ^ / = ^ in 
C°(M). QED 

Lemma 4.3 Let K C Vw{M) be a compact invariant set for \E'. 
Then for all fi & K and t G M, 

Proof : Note that for all fi G Cn{V{M)), X o i{p) = i o F{fi) from 
which the result follows since K C Cn(P(M)) is invariant. QED 

To shorten notation, we set here L = L{{pt})- Recall that L C 
Cu{V{M)) (Corollary EH) and that L is attractor free for (Theo- 
rem |SI2I)- 

Lemma 4.4 i{L) is an attractor free set for $. 

Proof : This easily follows from the continuity of i f Lemma 14. 2p . 
compactness of L and the conjugacy property fLemma l4.3|) (compare 
to Corollary 3.10 in (BLR)). QED 

Corollary 4.5 i{L) is a connected subset of X~^{0). 

Before proving this corollary, remark that it implies Theorem 12.41 
since i-\X-\0)) = Fix(n). 

Proof of Corollary 14. 5t The proof of this corollary relies on the 
following result (Benaim (1999), Proposition 6.4): 

Proposition 4.6 Let A be a compact invariant set for a flow = 
{©tjieK on a metric space E. Assume there exists a continuous 
function V : E ^ K. such that 
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(a) V(et(x)) < V(x) for X e E\A andt> 0. 

(b) V{et{x)) = V{x) forxeA and t e R. 

Such a V is called a Lyapounov function for (A, G). // V(A) has 
empty interior, then every attractor free set K for is contained in 
A. Furthermore V\K (V restricted to K) is constant. 

Set E = i{L), e = A = ^-^(O) n t{L) and V = J\i{L). 

Then A is a compact set flemma lTTj) . and V is a Lyapounov function 
for (A, O) by Proposition 14. H By Lemma 14.41 i{L) is an attractor 
free set. Therefore, to apply Proposition 14. 61 it suffices to check that 
J(X~^(0)) has empty interior. This is a consequence of the infinite 
dimensional version of Sard's theorem for C°° functionals proved by 
Tromba (see Theorem 1 and Remark 7 of Tromba, 1977). Thus 
Proposition 14.61 proves that i{L) C X^^(O). 

Theorem 4.7 (Tromba, 1977). Let B be a C°° Banach manifold, 
X a C°° vector field on B and J : B ^ M. a C°° function. Assume 
that 

(a) DJ{f) = if and only if X{f) -- 

(b) X^-'^(O) is compact, 

(c) For each f G ^-^(O), DX{f) 

operator. 

Then J(X^^(0)) has empty interior. 

The verification that Tromba's theorem applies to the present 
setting is immediate. Indeed, assertion (a) follows from Proposition 
12.91 and assertion [b) from Lemma 12.71 Recall that a bounded oper- 
aror T from one Banach space Ei to a Banach space E2 is Fredholm 
if its kernel Ker(T) has finite dimension and its range lm(T) has fi- 
nite codimension. Hence assertion (c) follows from Proposition 12.91 
This concludes the proof of Corollarv 14.51 QED 

5 Convergence toward sinks 

The purpose of this section is to prove Theorem 12.241 



= 0, 

: TfB TfB is a Fredholm 
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5.1 The vector field Y = Yv 

In order to prove theorem 12 .241 it is convenient to introduce a new 
vector field 

Y = Yy : C\M) C\M) 

f ^ -f + vaf) ^ ' 

as well as the stochastic process {Vt}t>o defined by 

Vt = V^I,t. (46) 

The reason for this is, roughly speaking, the following. The measure 
fit is singular with respect to A, while is defined on a space of 
continuous densities. This is not a problem if we are dealing with 
qualitative properties of L{{fit}) (like in Theorem 12. 4j) since we 
know (by Corollary 13. 4|) that L({/if }) consists of measures having 
smooth densities. 

Proving Theorem 12.241 requires quantitative estimates on the 
way {fit} approaches its limit set. We shall do this by showing that 
{^t+s}s>o "shadows" at a certain rate the deterministic solution to 
the Cauchy problem 

/ = Yif) 
with initial condition fo = Vt. 

Lemma 5.1 The vector field Y induces a global smooth flow $^ = 
{$^} on C°(M). Furthermore 

(i) (/) = ^Y{Vf) for all f e Bi and t e R. 

(ii) V maps homeomorphically X^^{0) to Y^^{0), sinks to sinks and 

saddles to saddles. 

Proof : The vector field Y is and sublinear because 1 1 V(/) | |oo ^ 
ll/lloo + Halloo- It then induces a global smooth fiow. 

(z) follows from the conjugacy V o X = Y o V. 

(a). It is easy to verify that V induces an homeomorphism from 
X-i(O) to Y'\0) whose inverse is ^. Let / G ^-^(O) and g = Vf. 
Then with the notation of proposition l2.9l DX{f) = —{Id+T{f)oV) 
and DYig) = -{Id + Vo Ji^g)) = -{Id + V o T(/)). 
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For all a G R, let 



E° = {ue L^(A), Jif)Vu = au} 
= {u e L'^{X),VT{f)u = au}. 

The operators T{f)V and VT{f) are compact operators acting on 
L2(A). The adjoint of Tif)V is VT{f). This implies that for a ^ 0, 
i?" and are isomorphic, with V : i?" —>■ if" having for inverse 
function -T(/). Therefore, if / is nondegenerate (respectively a sink, 
respectively a saddle) for X, then Vf is nondegenerate (respectively 
a sink, respectively a saddle) for Y. QED 



5.2 Proof of Theorem 127241 



We now follow the line of the proof of Theorem 4.12 (b) in (BLR). 
We let J-'t denote the sigma field generated by the random variables 
{Bi: s<e\i = l...N). 

Lemma 5.2 There exists a constant K (depending onV) such that 
for all T > and 6 > 0, 



sup \\Vt+s-%iVt)\\oo>S\J't 

0<s<T 



< 



K 



(47) 



Proof : Given t > and s > let et{s) E Ai{M) be the measure 
defined by 



rt+s 

£t{s) = J {6x,r - n(/ier))(ir. 



(4J 



Let us first show 



Lemma 5.3 There exists a constant K (depending onV) such that 
for all T > and 6 > 0, 



sup \\Vetis)\\ >5\J^t 

0<s<T 



< 



K 



(49) 



Proof : According to Theorem 3.6 (i) (a) in (BLR) there exists a 
constant K such that for all 5 > and / G C°°(M), 



sup \et{s)f \ > 6\J='t 

0<s<T 



K 
< — 

- 52 



2 e"* 
00"^ 



(50) 
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Note that this also holds for all / e C°(M) (for a larger constant 
K) since / can be uniformly approximated by smooth functions. By 
compactness of M and Lipschitz continuity of V, there exists a finite 
set {xi, . . . , Xm} G M such that for all a; G M 

\V(x,y)-V(x„y)\<^ 
for some i G {!,..., m}. Therefore 



sup ||\/£t(s)||oo < 

0<s<T 



sup sup ||\^£t(s)(a;i)|| + (5/2. 



=l,...,mO<s<T 



Hence, 



sup ||l^£t(s)||oo > S 
0<s<T 



< P 



sup sup |£t(s)T4.| > 5/2 

i=l,...,mO<s<T 



< 



^mK\\V\\l_ ^ 
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Since M has dimension d, m can be chosen to be m = 0(5 and 
the result follows. QED 

Note that for all u e M 

dVt{u) 



dt 



= -Vt{u) + V{u,X,t) 

= [yF(/ieO + v^(5x, -n(/xe*))]W- 



Thus, using the fact that VF{fj,) — Y{Vfj,) we obtain 

"t+S 



Vt+,{u) - Vt{u) 



VF{i^er){u)dr + Vet{s){u) 



= ^ Y{Vr){u)dr+Vet{s){u) 

= rY{Vt+r){u)dr + Vet{s){u) 
Jo 

for all 14 e M. In short, 

Vt+, -Vt= r Y{Vt+r)dr + Vstis). 
Jo 



(51) 
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Let v{s) = \\Vt+s - $1(^0 Hoc- Then for < s < T 



v(s) < 



[ \\Y{Vt+r)-Y{^^{Vtmoodr+ sup \\Vet{s)\U (52) 

Jo 0<s<T 



Now, for t, r >0 both Vt+r and <l>r{Vt) he in VV^^M) which is a 
compact subset of C°(M) (by Lemma Therefore, by Gronwah's 
lemma 

sup v{s)<e^'^ sup ||Vet(s)||oo (53) 



0<s<T 0<s<T 



where L is the Lipschitz constant of Y restricted to VVw{M). 

Then, with the estimate (j53p . Lemma 15.21 follows from Lemma 
lOl QED 

The following lemma is Theorem 3.7 of (Benaim, 1999) (see also 
Proposition 4.13 of (BLR)) restated in the present context. 

Lemma 5.4 Let A C C^{M) be an attractor for with basin of 
attraction B{A). Let U C B{A) be an open set with closure If C 
B{A). Then there exist positive numbers 6 and T (depending on U 
and i^"^}) such that 

lim d\st{Vt,A) = o] > ( 1 - -^e-'] x P\3s > t : E U] (54) 

;^oo J \ ^a+^ J 

where K is given by Lemma \5.^ and dist(-, ■) is the distance associ- 
ated to II ■ lloo- 

Lemma 5.5 Let fi G V{M), f = Vfi and U a neighborhood of f in 
C^M). Then for all t > 

P[Vt eU]>0. (55) 

Proof : Let Qm (respectively, fi^jv) denote the space of continous 
paths from M"*" to M, (respectively, M^) equipped with the topol- 
ogy of uniform convergence on compact intervals and the associated 
Borel (T-field. 

Let Bt = [B], . . . , B^) be a standard Brownian motion on M^. 
We let P denote the law of {Bt : t > 0) G VL-^n and E the associated 
expectation. 
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Let {Wf} be the solution to the SDE 

N 



dW^ = J2 Fii^t) ° dBi -.W^ = Xq = x (56) 

i=l 

Then G is a Brownian motion on M starting at x. Let 
M{t) = exp(^j^J2^VV,^m{W,),F,{\^ 



(57) 



where for all path u & Q 



1 /•* 

= J I S^sds. (5J 







Then, {Mf} is a martingale with respect to (^Riv, {a{Bs, s < t)}t>o, P) 
and; by the transformation of drift formula (Girsanov's theorem) (see 
section IV 4.1 and Theorem IV 4.2 of Ikeda and Watanabe (1984)) 

P[Vt eU] = P[y/ie* eU] = E[M(e*)l|y^^,(H.)ef/}]. (59) 

By continuity of the maps V : P^(M) C^{M) (lemma Q and 
uj G flu ^ f^t{^) £ 'PwiM) the set = {a; G f2 : Vfiet{uj) G t/} is an 
open subset of Qm- Its Wiener measure P[W E U] = P[Vfiet(W) G 
U] is then positive. This implies that E[M (e*)l{y^ j(iy)ec/}] > 0. 
QED 

The proof of Theorem 12.241 is now clear. Let fi* be a sink for 
n. Then V* = Vfi* is a sink for Y according to Lemma 15. H and 
Lemmas 15.41 and 15.51 imply that 

P[Vt V*] > 0. 

On the event {Vt^V*}, 

L{M) C G Fix(n) : = V*}. 

Note that fi G Fix(n) with Vfi = V* implies that fi = fi*. Therefore, 
on the event {Vt V*}, we have limt^oo f^t = A^*- This proves 
Theorem 
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6 Non convergence towards unstable equi- 
libria 



The purpose of this section is to prove Theorem 12.261 That is 

P[fit ^ /i*] = (60) 

provided fi* G Fix(n) is a nondegenerate unstable equihbrium and 
hypothesis 12.251 holds. 

The proof of this result is somewhat long and technical. For the 
reader's convenenience we first briefly explain our strategy. 

• Set ht = Vfif To prove that fit fi* we will prove that ht -/^ h* . 
We see ht as a random perturbation of a deterministic dynamical 
system induced by a vector field Y . The vector field Y is introduced 
in subsection 16.21 It is defined like the vector field Y (see section ^ 
but on a subset Ti^ of C'^{M) equipped with a convenient Hilbert 
space structure (subsection 16. 

• The fact that /x* is a saddle makes h* a saddle for Y . According 
to the stable manifold theorem, the set of points whose forward 
trajectory (under Y) remains close to h* is a smooth submanifold 
Wi^^{h*) of nonzero finite codimension. We construct in subsection 
16.31 a "Lyapounov function" r] which increases strictly along forward 
trajectory of Y off Wl^^{h*) and vanishes on W^^^Qi*). 

• The strategy of the proof now consists to show that rjijit) -/-^ 
(since Ht — > jJ* implies rjiht) 0.) Using stochastic calculus (in Ti^) 
we derive the stochastic evolution of rjiJit) f subsection 16. 5|) and then 
prove the theorem in subsections 16.61 and 16.71 

In the different (but related) context of urn processes and stochas- 
tic approximations, the idea of using the stable manifold theorem to 
prove the nonconvergence toward unstable equilibria is due to Pe- 
mantle (1990). Pemantle's probabilistic estimates have been revis- 
ited and improved by Tarres in his PhD thesis (Tarres 2000, 2001). 

The present section is clearly inspired by the work of these au- 
thors. 
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6.1 Mercer kernels 

Recall that a Mercer kernel is a continuous symmetric function K : 
M X M — > M inducing a positive operator on L'^{X) (i.e., {Kf, /)a > 
0). The following theorem is a fairly standard result in the theory 
of reproducing kernel Hilbert spaces (see e.g Aronszajn (1950) or 
Cucker and Smale (2001, Chapter III, 3)). 

Theorem 6.1 Let K he a Mercer kernel. Then there exists a unique 
Hilbert space 7i^^ C C°(M), the self reproducing space, such that 

(i) For all ^ieM{M), K^e ; 

(ii) For all /i and v in M.{M), 

{KiJ,,Ku)K = j j K{x,y)n{dx)iJ,{dy). (61) 

(iii) K{L'^{X)), {K^, xeM} and K{M{M)) are dense m . 

(iv) For all heU^ and ii e M{M), 

fih = {Kfi,h)K- (62) 

Moreover, the mappings K : MsiM) and K : C^{M) 

are linear continuous and for all h G Ti.^ , 

ll/^lloo < (63) 

Hence, the mapping i^ '■ Ti,^ C°(M) defined by ixih) = h is 
continuous. 

From now on and throughout the remainder of the section we 
assume that hypothesis 12.251 holds and we set 

K = V+ + V- (64) 

where V+ and V_ have been defined by (pUj) . According to hypothesis 
I2.25( V+ and V_, hence K are Mercer kernels. 

Proposition 6.2 (i) One has the orthogonal decomposition (inTi^ ) 
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(ii) Let TT~^ and vr be the orthogonal projections onto 7{^+ and onto 

HX- (note that tt^ = 7r± restricted to Ti^ ). Then for all h e 

\\h\\l = h^h\\\ + \\n-h\\l_. (65) 

(iii) V{M{M)) = K{M{M)) and for all e M{M) and h e , 

{Vii,h)K = I^^T^^h — H7i~h. (66) 

Proof : We have the orthogonal decomposition (in Ti.^) K{LF'{X)) — 
V+{L\\))®V^{L\X)) (since {V+f,V.g)K = {Kii+f , Kn^g) k = 
{KTT^f,7T_g)x = 0). This imphes the orthogonal decomposition 
= © n^-^ because and H^- are respectively the clo- 
sures of V+{L\X)) and of ^-(^^(A)) in (since {V+f,V+g)v+ = 
{y+f,9)x = {KT^+f.n+g)\ = {V+f,V+g)K)- Assertions (ii) and (iii) 
easily follow. QED 

Remcirk 6.3 Let {ei)i be an orthonormal basis of Ti,^ such that for 
all i, Cj belongs to 7i^+ or to TiX- and we set = ±1 when e H^^. 
Then we have 

V±{x,y) = ^l,,=±iei(x)ei(7/), 

i 

K(x,y) = ^ei(x)ei(y), 

i 

V{x,y) = ^eiei{x)ei{y), 

i 

the convergence being uniform by Mercer theorem (see e.g Chap 
XI-6 in Dieudonne (1972) or Cucker and Smale (2001)). 

Lemma 6.4 The mappings V : Ms{M) and V : C°(M) 

are bounded operators. 

Proof : This follows from the fact that for every /j, G M{M) and 
every / e C°(M) 

WVfiWj, = fi^'K < lliriloo X l/zl^; 
11^/11^ < ll^lloox 11/11^. QED 
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6.2 The vector field Y = Yv 



We denote by the closure in of V{Mo{M)) = K{Mo{M)) 
and we set = Vl+n^,the closure of y(A<i(M)) = K{MiiM)). 
Equipped with the scalar product {■,-)k, 'Hq and TYf" are respec- 
tively an Hilbert space and an affine Hilbert space. 

We let Y = Yv -.n^ he the vector field defined by 

Y{h) = -h + Vi{h). (67) 

Observe that Y is exactly defined like the vector field Y (introduced 
in the subsection 15. Ij) but for the fact that F is a vector field on Tif 
(rather than on C^{M)). 

Recall that we let $ denote the smooth flow on M.s{M) induced 
by the vector field F defined in section El (equation ((221) )• The proof 
of the following lemma is similar to the proof of Lemma 15.11 

Lemma 6.5 The vector field Y induces a global smooth flow $ on 
T-lf{M). Furthermore 

(i) y$t(/i) = ^t{Vfi) for all ^ G Ms{M) and t G M. 

(ii) V maps homeomorphically Fix(n) to Y~^{0), sinks to sinks and 

saddles to saddles. 

6.3 The stable manifold theorem and the func- 
tion T] 

Let fi* be a nondegenerate unstable fixed point of 11 and let 

h* = Vjj,*. (68) 

By Lemma h* is a saddle for Y. Therefore there exists constants 
C, A > and a splitting 

= H'® iY", (69) 
with ^ {0}, invariant under such that for all t > and 

\\D^tih*)u\\K > Cc^'Mk (70) 
and \\D^^t{h*)u\\K > Ce^'\\u\\K. (71) 
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Remark 6.6 Let, for a e R, H°' = {u e L^{X),VT{h*)u = au} 
where T(/) is the operator defined in proposition 12.91 From the 
proof of Lemma 15.11 it is easy to see that 

and = ®a>-iH'^. 

In particular, note that has finite dimension. 

The stable manifold theorem 

Set h* = h* + hi e (B H". By the stable manifold theorem (see 
e.g Hirsch and Pugh (1970) or Irwin (1970)) there exists a neigh- 
borhood Uq = Af^ © A^o" of h*, with Af^ (respectively, Af^) a ball 
around h* in H^, (respectively, /i* in H^) and a smooth function 
r : TVq" ^ TVq" such that 

(a) DTiK) = 0. 

(b) The graph of F : 

Graph{T) = {v + T{v) : v E Af^}, 
equals the local stable manifold of h* : 

WiUh*) = {hen^: Vt > 0, ^tih) e Afo 

and lim $t(/i) = h*}. 
= {hen^ : vt > 0, ^t{h) G ATo}. 

(c) Wf^^{h*) is an invariant manifold. That is for all t G M, 
The function t] 

Let r -.Afo = Afo® Afo ^ Wild^*) and : A^o ^ M be the functions 
defined by 

r{hs + hu) = hs + T{hs) 

and 

Rih) = \\h-r{h)\\l. 
Then r and R are smooth and R vanishes on Wil^{h*). 
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Lemma 6.7 There exists T > and a neighborhood f/i C Aq of h* 
in Tif such that for all h G A/i, ^^(/i) G Aq one? 

R{^T{h)) > R{h). (72) 

Proof : Using inequality (j7(Jj) we choose T large enough so that for 
all V G i/", 

\\D^Tih*)v\\l > A\\v\\l. (73) 

Hence, there exists a neighborhood A/'q C Ao of h* such that for all 
h G <lT(/i) e TVo, and for all v e H"" 

\\D^Tih)v\\l>3\\v\\j^. (74) 

One may furthermore assume that for all h G ATq (taking A/'q small 
enough) , 

\\D{r o ^T)ih) - D{r o ^T)ih*)\\K < 1. (75) 
Now, one has 

^T{h) - ^T{r{h)) - D^T{r{h)){h - r{h)) = o{\\h - r{h)\\K). (76) 

Using first the invariance of Wi^^^^h*), then equation (fTBj) with the 
fact that D{r o <lr)(/i*)t; = Dr{h*)D^T{h*)v = for all v G H"", we 
get 

r($T(/i)) - $T(r(/i)) = r{^T{h)) - r{^T{r{h))) 

= D{r o ^T)ir{h)){h - r{h)) + o(||/i - r{h)\\K) 
= [D{r o ^T)ir{h)) - D{r o <lr) (/?-*)](/;. - r{h)) 

+ o{\\h-r{h)\\K). 

Thus we obtain the upper-estimate 

W^tW - ri^rih)) - D^T{r{h)){h - r{h))\\K 

< \\h-rih)\\K + oi\\h-r{h)\\K). 

This yields 

R{^T{h)) > 2R{h) + o{R{h)). 

We finish the proof of this lemma by taking A/i C TVo, a neighbor- 
hood of h% such that for every /i G TVi, o{R{h)) > -R{h). QED 
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Let A/2 C A/i be a neighborhood of h* such that for every h G A/2 
and every t G [0, T], $_t(/i) G A/i (T being the constant given in the 
previous lemma). For every h G A/2, set 

r]{h) = [ Ri^_sih))ds. (77) 
Jo 

Then 77 satisfies the following 

Lemma 6.8 (i) r]{h) = for every h E ^lod^*)- 

(ii) rj is on M2- 

(iii) For et;ery h G A/'2, 

Dr]{h)Y{h) > 0. 

(iv) For ei'ery positive e there exists A/| C A/2 and D > sttc/i i/iai 
for all h G A/|, u and v in "Hq , 

\DlMh) - DlXh*)\ < ex\\u\\Kx\\v\\K. 

\DlMh*)\ < Dx \\u\\k X \\v\\k. 

(v) Dl.j]{h*) = implies that u G H". 

(vi) There exists a constant Cr, such that for all u G Ti^ and h G 

\Dr]{h)u\ < Cr, X \\u\\k x \/r]{h). 
Proof : (i) and (ii) are clear. We have for h G A/2 

Dr){h)Y{h) = \im-{r]{^s{h)) -r]{h)) 

s^O s 



\im-([ R(^t(h))dt- [ Ri^Jh))dt 

^-^0 S \Jo Jt-s 

R{h) - i?($_T(/i)) > (by Lemma IFTTjl . 



This shows (iii). Assertion (iv) follows from the facts that rj is C^. 
For h eMo and u G Hq , 

DR{h)u = 2{h-r{h),u- Dr{h)u)K 
Dl^h) = 2\\u-Drih)u\\l-2{h-rih),Dlr{h))K. 
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Therefore 

KuVihl = 2 r ||(/ - Dr{h*))D^^s{h*)u\\lds. (78) 
Jo 

Since Dr{h*) is the projection onto H"^ paraUel to one sees that 
Dl j]{h*) = if and only if D^_s{h*)u G H"- for aU s. This proves 
(v) after remarking that for s = 0, D^_s{h*)u — u. 
We now prove (vi). For u e Hq and /i e A2, 

Dr]{h)u = 2 / (/is - r{hs),Us - Dr{hs)us)Kds, 
Jo 

where Ug = D^^s{h)u and hg = ^-s{h). We conclude using Cauchy- 
Schwartz inequality. QED 

6.4 Semigroups estimates 

In the following, V2 denotes the L^-domain of the Laplacian on M. 
For h e C\M), set : V2 ^ L'^{X) defined by 

A,/ = -A/ + (V/i,V/), (79) 

and Qh '■ L'^i^) —>■ T^2 such that 

-QhAuf^f-im^f)^- (80) 

Let be the Markovian semigroup symmetric with respect to — 
i{h)X and with generator Ah. Note that Qh can be defined by 

/•oo 

Qhf^ / {Plf-f^hf)dt. (81) 

Lemma 6.9 There exists a constant Ki such that for all f e C°(M) 
and he Hi satisfying \\h\\oo < \\V\\oo, Qhf e C^{M) n V2 and 

||Vg,/||oo<i^i||/||oo. (82) 

Proof : The proof of Lemma 5.1 in (BLR) can be easily adapted to 
prove this lemma. QED 
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We denote by C^'\M^) the class of functions / G C°(M2) such 
that for all 1 < k,l < n, affe^/(a;, y) exists and belongs to C°(M^), 
where {x^)k is a system of local coordinates. For / G C^'^(M^), we 
define V®^/ g C°(rM x TM) by 



V®V((a:,M),(y,t;)) = (V„®V.)/(x,y) 



in a system of local coordinates. We also define Tr(V'^^/) G C°(M), 
the trace of V*^^/, by (rf denotes the dimension of M) 

Tr(V«V)(x) = X:^^/(a:,x). 

fc=i ^ 

This definition is of course independent of the chosen system of local 
coordinates. 

Remark 6.10 Lemma \6. iA implies that for all f G C°(M^) and h G 
nf satisfying \\h\\^ < \\V\\^, Qff G C^^^NP) and 

WV^'Qff Woo <Kl\\f\U. (83) 

This also implies that 

\\TT{V^^Qff)\\^<dKl\\f\U. (84) 

Lemma 6.11 There exists a constant K2{= Kf) such that for all 
f G C^{M), hi and /i2 in Hf satisfying ||/ii||oo V ||/i2||oo < ll^lloo; 

l|Vg,J - VQhJWoo < i^2||/||oo||V/i2 - V/iilU- (85) 

Proof : Set M = QhJ. Then 

-A,,u = f-{ahi),f)x 
and since Ah^u — A^^u = (V(/i2 — hi), Vm), 

QhJ = -QhMh^u-mi)j)x) 

= -QhiAh^u 

= —Qh2Ah2U + Qh2fh 
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where h = h2 — hi and fh = (V/i, Vm). Thus 

Qhif = QhJ - {^{h2), QhJ)x + Qh2fh 

and 

VQhJ-VQU = ^QhJh. 
Lemma (6.91 imphes that 

l|VQ,,M|oo < i^illMloo 

and llVg.JIU < i^ill/lloo. 

We conclude since HMU < || V/i||oo|| VQ/^ JiU. QED 

Remark 6.12 Lemma \6.11\ implies that for all f G C°(M^), hi and 
h2 in Hi satisfying \\hi\\^ V ||/i2|U < ll^lloo, 

II V^XV - V^X'/lloo < Kl\\f\U\Vh2 - VhiWl. (86) 
This implies that 

II TriV^'iQt! - Qf,')/)lloo < dK',\\f\U\Vh2 - VhiWl. (87) 

6.5 Ito calculus 

Set ht = Vfif Given a smooth (at least C^) function 

R X M ^ M 
{t,x) ^ Ft{x), 

Ito's formula reads 

dFt{Xt) = dtFt{Xt)dt + AhMXt)dt + dM, (88) 
where M is a martingale with ((-, ■)t denotes the martingale bracket) 

|(MO* = ^l|VF,(X,)f. 

Set Qt = Qht and Ft{x) = \Qtf{x) for some / G C\M). Then 
(|SS|) (note that Ito's formula also holds if {t,x) y-^ Ft{x) is in t 
and for all t, Ft which holds here) combined with (|8Up gives 

d (^g./(x,)) = ^dt + + dMi (89) 
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where Ht is the measure defined by 



(90) 



is a martingale with 



|(M0* = ^||VQ,/(X,)||^ (91) 



Using the fact that 



dt^'^ = 1 



together with the definition of the vector field F, (jHn|) can be rewrit- 
ten as (recall that -F(/i) = — /i + n(/i) and that n(/i) = ^(V/i)A) 



dfxj = ^^^dt - d 0Q,/(Xt)^ + ^dt + dMl 



(92) 



Note that there exists a constant H such that for all t > and 
/ G CO(M), \Htf \ < H\\f\\^ (see Lemmas 5.1 and 5.6 in (BLR)). 

Let Ut be the measure defined by 

iytf = f^tf + ]Qtf{Xt), feC\M). (93) 
Then \iit — Ut \ ^0 and 

dutf = ^^^^dt + ^dt + dMl, (94) 

with Nt the measure defined by Ntf = Htf + t {Fifit) - F{vt)) /• 
Since F is Lipschitz, there exists a constant such that for all 
t > and / e C°(M), 

|iVt/| <iV||/|U. (95) 
For every t > 1, set (74 = Vvt. Then using the fact that VF{^) = 

dg,(x) = ^^^^dt + ^dt + dM,^^ (96) 
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where V^{y) = V{x,y). 

Note that {gt)t>i is a 'H^-valued continuous semimartingale. We 
denote its martingale part Mt, with Mt{x) = MJ"^ — M^"' . In the 
following, (cj) denotes an orthonormal basis of Ti^ like in remark 
lO Then Mt = ^iMla, with M'i = {Mt,ei)K- Using the fact that 
for all ^ e Mo{M), 



{Mt,Kfj,) 



K 



M^^H^dx) 



we have 
d 



ds 



{{M.,Kfi)K). 




d 

ds 



X {VQsV,{X,),VQsVy{X,))fi{dx)i^{dy) 



= ^ X \\\/QsVfi{X, 
This implies that for h in 7^^+ or in Ti 



V- 



and 



^((M.,/i)^), = lx ||vg,/i(x,)|p 



^(M\M^), = ^ X (VQ,e,(X,), VQ,e,(X,)). 



(97) 
(98) 



Lemma 6.13 There exists a constant Ci such that for every s > 1, 



EfllM, 



<Ci. 



(99) 



Proof : We have 
^E[||M,| 



\K\ 



X E 



^\\VQsei{Xs 



= ^xE[Tr(V®2gfK)(X„X, 
s 

since K = Y2i ® Cj. We conclude using remark 16.101 and taking 
Ci = dKl\\K\\^. QED 
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6.6 A first lemma 

Let L be a positive constant we will fix later on. Set rjt = ri{gt)lgt(zj\f^ 
where A/2 is like in Lemma 16.81 Let A/" be a neighborhood of fi* (for 
the narrow topology). For every t > 1, set St = inf{s > t, rjs > 
L'^/s} and = inf{s > t, /is ^ A/"}. The purpose of this section is 
to prove 

Lemma 6.14 There exist a neighborhood M of fi* , p g]0, 1] and 
Ti > such that for all t > Ti, 

P[StAUf<oo\Bt]>p. (100) 

where Bt is the sigma field generated by {Bl : i = l...N,s<t}. 

Proof : We fix e > 0. Since V : Vw{M) — > is continuous and 
{ut — fit\ ^0 there exist ti large enough and AC a neighborhood of 
/i* such that for all t > ti, /i^ G AC implies that Ut ^ V'^i-^i)^ where 
TV"! is the neighborhood defined in lemma In particular, Ht G TVC 
implies that gt = Vvt ^ A/|. 

For every neighborhood A/" C AC of yU* and every s G [t, t/^], 
r]s = i]{9s)- Then Ito's formula with formulas (jUUI) and (j^JH|) gives 

1 (is 
+ 2 5Z ^ (eiVg,ei(X,), VQ.e,(X,)) x — , 

where VNs{x) = NgV^ and is the martingale defined by 

dM^ = Dr]{gs)dMs. (102) 

We now intend to prove that 

m9s.AU^m]-v{9t) > -Ce/t+{K*/t)P[StAUf = oo\Bt], (103) 

where C and K* are positive constants. In order to do this, we 
bound from below the four terms in the right hand side of pOlj) . 

Lemma 16.81 (iii) implies that Dr]{gs)Y{gs) > 0. Using Lemma 
16.81 (vi^ and inequality (j^ . it can be easily seen that there exists a 
constant iV^ such that for s G [t, U{^] 

\D7]{g.,)VN,\ < N^^/^. 
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Then 

We choose T2 > ri large enough such that for all t > T2, 

f°° ds 

LN,j^ ^,<elt. (104) 

This gives an estimate of the second term. Since the third term is 
a martingale increment, after taking the expectation, this term will 
vanish. 

We now estimate the last term. For s > 0, set 

= Y^^lMds) X (e,Vae,(X,),e,VQ.e,(X,)) (105) 

and, for /i G V{M) and x G M, set 

r(/i, x) = J2 Dl,r]{h*) X (eiVQy^e,(x), e, VQy^e,(a;)). (106) 

Lemma 16.81 (iv) implies that for s G [t, f//^] (to prove this upper- 
estimate, one can use a system of local coordinates and use the fact 
that K = J2i ® Cj) 

|r,-r(/i„x,)| < ex5^||vae,(x,)f 

i 

< ex Tr(V®2Qf ir)(X,) 

Thus — r(/is, Xs)\ < Ci X e where Ci is the same constant as the 
one given in Lemma f6. 131 

Lemma 6.15 T : Vw{M) x M ^ IR+ is continuous. 

Proof : We only prove the continuity in /x. For /x and u in V{M) 
and X G M, 

T{^,x)-T{u,x) = ^Dljr]{h*){ui{fi, x)-Ui{u,x),Ui{fi,x)+Ui{u,x)) 
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where Ui{^,x) = ejVQy^ej(x). Using lemma IHTHl (iv) and Cauchy- 
Schwartz inequality, 

|r(/i,x)-r(z/,x)| < Dx{TriV^\Qv,-QvjK)ix)f' 

X {Tt{V''\Qv, + Qv.)K){x)Y^\ 

Remarks I6.1UI and 16.121 imply that 

|r(/i,x) -r(z/,x)| <Dx V2dK2Ki\\K\\oo x \\VVfx-\/Vu\\oo 

which converges towards as disttt,(/i, i/) — > 0. The proof of the 
continuity in x is similar. QED 

Lemma 16.151 implies that we can choose the neighborhood A/" C 
K of /i* such that for all s G [t, Uf], 



\T{fi,,Xs)-T{fi*,Xs)\<e. 
We now set r*(x) = T{fi*,x). Thus we now have 



(107) 



Ts = (r,-r(^„x,)) + (r(/i„x,))-r(x,)) + r(x,) 

> -(Ci + l) xe + r(X,). (108) 

Finally using p()4|l and (jl()8|l (with the convention r/^^AC/^ = 
when St A Uf = oo) 



^[VstAuMl3t] - Vt > 



(2 + Ci)e 



ds 



^*{^s) — ^{StAUf=oo} 



Bt 



For all s, set K{s) = /i.F*. Since F*(X,) = K{s) + sK'{s) (recall 
that /is = 7 Jq Sx„du), integrating by parts we get 



/■"^ ds 



K(t) '"^ 



t 



K{s] 



ds. 



Since /i i— /iF* is continuous, we can choose the neighborhood 
J\f of /X* such that for all /i G A/", 



\^iT* -K*\ < e/3. 
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where K* = //*r*. Then, on the event {St A C/^ = oo}, for all s>t, 

\K{s)-K*\ < e/3 

and 



K* -e 



t 

Thus, 

E[rjs,^u{^\Bt]-Vt > -{S+C,)e/t+{K*/t)P[StAUf = oo\Bt]. (109) 

Lemma 6.16 The constant K* — J T* (x) ji* (dx) is positive. 
Proof : We first remark that for all / and g in C°(M), 

{^Qh*f:^Qh*9)i^* = if - fJ'*f,Qh*9)f,* 

POD 

= / {f-pi*LPr{g-pi*g)),*dt 

Jo 



{Pi;2if-l^*f),PtM9-l^*9)),*dt. 
Using this relation we get that 

POO 

POO P 

- J D'rj{h*){ulu^) f,*{dx)xdt, 
where 

< = ^ei{Ptj2ei{x) - n*ei)ei 

i 

= v{Pi;,{x))-vpi* 

(P^y*2(a;) denotes the measure defined by P'l/2{^)f — Pt/2/(-^))- 
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If K* = 0, then for all x G M and t > 0, e H"" since 
Dl j]{h*) = implies u G H'. Thus, for all a; e M, 14 - V/j,* e H\ 
and for all x and ?/ in M, 14 — G i?*. Therefore for every 
/i G 7\/lo(M), V^i G This proves that C if' and H"" = {0}. 
This gives a contradiction since the dimension of if" is larger than 
1. QED 

On the other hand, 

E[71s,^ur\B,]-v,<E[LyS,AUf\Bt]. 

Therefore 

L^E[t/St A UflBt] > -(3 + Ci)e + K*P[St AUf = oo\Bt], (110) 
and, since 

P[St AUf < oo\Bt] > E[t/St A Uf\Bt], 

we have 

P[S,AUf<oo\B,]>^^:^^^±^. (Ill) 
Choosing e < K*/{3 + Ci), this proves the lemma. QED 

6.7 A second lemma 

We choose A/", p and Ti like in lemma 16.141 Set 

ii = {liminf??^ > 0}. (112) 



Lemma 6.17 There exists T2 > such that for all t > T2, on the 

event {St < Uf}, 

P[H\Bs,] > 1/2. (113) 

Proof : Fix t > 0. Set 

and 

Tt = mi{s> St,Vs = 0}. (115) 
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On the event {St < Uf} Clih > -^}, for s e [St,Tt A Uf], 
for some constant A^' < cxd we have 



Vs 



du 



> 



N' 



u 
> 



du 



Vs,+ Dr^{g^)Y{g^)—+ Dr^{g^)VN^— + Ml' - 



St 



L 



St 2v^ - 4v^ 
for t > T2 large enough. Thus, for t > T2, 

L 



hm inf rjg > 



and 



{St<Uf}f]^^It> 
Now, on the event {St < 00}, 



L 



C H. 





Bs, 









< 



p 

L2 



sup -(m;-M^J> 



L 



X E 



by Doob inequahty. For s G [St, U^], 
d{M'^)s = Y,^^v{9s)D,7]{g,)d{M\M^), 



ds 



'^Dir]{gs)Djr]{gs){eiVQsei{Xs),ejVQsej{Xs)), 



Lemma [6.81 (vi^ imphes that (recall that K = Y2i ® Cj) 

^{M'^)s < X Tr(V®2Qf2^)(X,) < 

(XS s s 

with C = CiC^ Thus (M'')^;^^ - (M'')s, < C/^^ and on the event 
[St < 00}, we have 



It < 



L 



Bs 
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We choose L such that AC/L"^ < 1/2. Then for t > T2, on the event 
{St < Uf}, 



L > — 



L 



2v^ 



> 1/2. 



This proves the lemma. QED 



6.8 Proof of Theorem 

We fix A/", p, Ti and T2 hke in lemmas 16.141 and 16.171 Let A = 
{3t, Uf = 00}. Then for t > T = Ti V T2, using lemmas 16.141 
and lFTTTl 



P[H\Bt] > E[lHls,^u^\Bt] 



> E 
1 



P[H\Bs,]ls,<u^ 



Bt 



> -xP[St<Uf\Bt] 

> l{p-P[Uf <^\B,]). 



On one hand, 

On the other hand, 



lim P[H\Bt\ = 1h, a.s. 

»oo 



lim l{u^=oo} = 1a a.s. 



t— »oo 

and 

E[\U - P[Uf = 00m] < E[\U-P[m]\] 

+ E[\p[m] - p[uf = 00m] 
< E[\u-p[m]\] 

+ E[|U-l^^Ar=^}|], 

which converges towards as t — 00. Thus limi^oo P[U{^ < oo\Bt\ = 
l^c in and 

1h>^(p-U0 a.s. (116) 

This implies that a.s., A G H. But since H C {fit -h A**} and 
{/it — » /i*} C A, we have {/i* — /i*} C {//< 7^ /U*} a.s. This implies 
that P\fit Ai*] = 0. QED 
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7 Appendix 



Recall that we let Q denote the set of V G Cgy^{M x M) such that 
Ily has nondegenerate fixed points. Our purpose here is to prove 
Theorem 12.101 That is that Q is open and dense. 

Openess. We first prove that Q is open. Let V* G Q. Then the 
zeros of Xy* are isolated (by the inverse function theorem) and since 
{Xy*)~^{0) is compact (Lemma 12. 7|) Xy.~^(0) is a finite set. Say 

^v^'-'(o) = {/i,...,/4- 

By the implicit function theorem applied to the map {V, f) ^ 
Xy{f), there exist open neighborhoods Ui of fi, Wi of V* and smooth 
maps Ri : Wi ^ Ui such that 

(a) Xvif) = ^ / = R,{V), for all V e WiJ e U,, 

(b) R,{V*) = U 

(c) DXvif) is invertible at / = Ri{V). 

It remains to show that there exists an open neigborhood of V* 
W C f]-Wi such that for all G 1^ equilibria of Xy lie in IJf/j. 
In view of (a) and (c) above this will imply that W G Q concluding 
the proof of openess. Assume to the contrary that there is no such 
neighborhood. Then there exists Vn — > V* and /„ G Si \ |Jj Ui such 
that Xy^{fn) = 0. That is 

/n = e(K/n) (117) 

Then by Lemma 12.31 we can extract from {V*fn} a subsequence 
{V*fnJ converging to some g G C°{M). Now, - Vfn\U < 

\\Vn — V*\\oo- Thus Vn,.fnk ~^ 9- Equatiou (jll7|) then implies that 
fnk^f = ^{9) and / = ^(y*f). Hence / G IJj Ui. A contradiction. 

Density. We now pass to the proof of the density. Recall that if 
Z is a smooth map from one Banach manifold to another, a point 
h E B2 is called a regular value of Z provided DZ{f) is surjective 
for all / G Z^^{h). Here, saying that is a regular value for Xy is 
equivalent to saying that Xy has nondegenerate equilibria. 
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Let = i3i n (M) , = So n (M) and BX'^ = i3+ n (M) . 
For all V G C\JM x M) let : BX'^ ^ denote the vector 
field defined by 

^y(/) = ^/ + log(/)- < 1^/ + log(/), 1 > . 

Remark that for all h E Bq 

DMf)h=<Zv{f),h> . 

Hence, by Proposition l2.9[ Xy and Zy have the same set of equihbria 
and is a regular value for Xy if and only if it is a regular value for 
Zv. 

Given h E Bq Let V[h] be the symmetric function defined by 
V[h]{x,y) = V{x,y)-h{x)-hiy). 

One has 

Zv[h]{f) = Zvif) - h. 

Therefore, h is a regular value of Zy if and only if is a regular value 
of Zv[h] or, equivalently, a regular value of Xv[h]- 

We claim that Zy is a Fredholm map. That is, a map whose 
derivative DZy^f) is a Fredholm operator for each / G S^''^ (see 
Section m for the definition of a Fredholm operator). Hence by a 
theorem of Smale (1965) generalyzing Sard's theorem to Fredholm 
maps) is a residual (i.e., a countable intersection of open dense 
sets) set. Being residual, it is dense. Therefore, for any e > we can 
find h e Rzv with H/iHc*: < ^- With this choice of h 

\\V-V[h]\\c.<e 

and Xy[h] has nondegenerate equilibria. This concludes the proof of 
the density. 

To see that DZy{f) is Fredholm, write DZy{f) = A o B o C 
where C : B^ ^ C^{M),B : C^{M) C^{M) and A : C^{M) 
Bq are respectively defined by Ch = f-iVh) + h, Eh = jh and 
Ah = h- < h,l > . 

The operator C is the sum of a compact operator and iden- 
tity. Hence, by a classical result, (see e.g Lang, 1993, Theorem 
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2.1, Chapter XVII) it is Fredholm. Operators B and A arc clearly 
Fredholm since Ker{B) = {0},Im{B) = C^{M),Ker{A) = Ml 
and Im{A) = Bq. Since, the composition of Fredholm operators 
is Fredholm (Lang, 1993, Corollary 2.6 Chapter XVII), DZv{f) is 
Fredholm. QED 
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